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1 Introduction 

The probe branes approach for studying issues in the string/M-theory uses an approximation, in 
which one neglects the back-reaction of the branes on the background. In this sense, the probe 
branes are multidimensional dynamical systems, evolving in given, variable in general, external 
fields. 

The probe branes method is widely used in the string/M-theory to investigate many different 
problems at a classical, semiclassical and quantum levels. The literature in this field of research 
can be conditionally divided into several parts. One of them is devoted to the properties of 
the probe branes themselves, e.g., m-m- The subject of another part of the papers is to 
probe the geometries of the string/M-theory backgrounds, e.g., |3() j -|42 ) . One another part can 
be described as connected with the investigation of the correspondence between the string/M- 
theory geometries and their field theory duals, e.g., m-m- Let us also mention the application 
of the probe branes technique in the ’Mirage cosmology’- approach to the brane world scenario, 
e.g., [Hn ) -[7n j . 

In view of the wide implementation of the probe branes as a tool for investigation of different 
problems in the string/M-theory, it will be useful to have a method describing their dynamics, 
which is general enough to include as many cases of interest as possible, and on the other hand, 
to give the possibility for obtaining explicit exact solutions. 

In this article, we propose such an approach, which is appropriate for p-branes and Dp-branes, 
for arbitrary worldvolume and space-time dimensions, for tensile and tensionless branes, for 
different variable background fields with minimal restrictions on them, and finally, for different 
space-time and worldvolume gauges (embeddings). 

The paper is organized as follows. In Section 2, we perform an analysis in order to choose 
the brane actions, which are most appropriate for our purposes - do not contain square roots, 
generate only independent constraints and give a unified description for tensile and tensionless 
branes. In Section 3, we formulate the conditions, under which the probe branes dynamics 
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reduces to a particle-like one. Then, we investigate the reduced dynamics for three different 
types of brane embeddings, starting with the usually used static gauge one. In the last part of 
this section, we find explicit exact solutions of the branes equations of motion. In Section 4, we 
discuss the obtained results. 


2 Actions 

Before considering the problem for obtaining exact brane solutions in general string theory 
backgrounds, it will be useful first to choose appropriate actions, which will facilitate our task. 
Generally speaking, there are two types of brane actions - with and without square roots The 
former ones are not well suited to our purposes, because the square root introduces additional 
nonlinearities in the equations of motion. Nevertheless, they have been used when searching for 
exact brane solutions in fixed backgrounds, because there are no constraints in the Lagrangian 
description and one has to solve only the equations of motion. The other type of actions contain 
additional worldvolume fields (Lagrange multipliers). Varying with respect to them, one obtains 
constraints, which, in general, are not independent. Starting with an action without square root, 
one escapes the nonlinearities connected with the square root, but has to solve the equations of 
motion and the (dependent) constraints. 

Independently of their type, all actions proportional to the brane tension cannot describe 
the tensionless branes. The latter appear in many important cases in the string theory, and it 
is preferable to have a unified description for tensile and tensionless branes. 

Our aim in this section is to find brane actions, which do not contain square roots, generate 
only independent constraints and give a unified description for tensile and tensionless branes. 


2.1 P-brane actions 


The Polyakov type action for the bosonic p-brane in a P-dimensional curved space-time with 
metric tensor gMN{x), interacting with a background (p-l-l)-form gauge field via Wess- 
Zumino term, can be written as 


= 

Dp 


jdP+^c{- 


-7 


j'^^dmX^dnX^^QMNiX) - (p - 1) 




( 2 . 1 ) 


...772p_|_l 

Qp x^^ . . . dmj,+iX^P+^bM^...Mp+-,iX)j, 

dm = d/dC', m,n = 0,1,... ,p; M, V = 0,1,..., P - 1, 


where 7 is the determinant of the auxiliary worldvolume metric 7 mn; and 7 ™'"' is its inverse. The 
position of the brane in the background space-time is given by = V^(^™'), and Tp, Qp are 
the p-brane tension and charge, respectively. If we consider the action (EH) as a bosonic part 
of a supersymmetric one, we have to set Qp = ±Tp. In what follows, Qp = Tp. 

The requirement that the variation of the action (EU with respect to 7 mn vanishes, leads to 

- 27"”^^") Gmn = ip - 1)7"', (2.2) 

where Gmn = dmX^dnX^gMN{X) is the metric induced on the p-brane worldvolume. Taking 
the trace of the above equality, one obtains 


7'""G™n=P+l, 


Examples of these two type of actions are the Nambu-Goto and Polyakov actions for the string. 
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i.e., 7 ™’^ is the inverse of Gmn'- If one inserts this back into (EU), the result will 

be the corresponding Nambu-Goto type action {G = det(Gmn)): 


S, 


NG 


= / 


NG 


(2.3) 


= -Tp / 


p. 771 ']^. ..TTLp^i 

(p + 1)! 


This means that the two actions, (EJ) and (lOl) . are classically equivalent. 

As already discussed, the action (tO) contains a square root, the constraints (tOl . following 
from ED, are not independent and none of these actions is appropriate for description of the 
tensionless branes. To find an action of the type we are looking for, we first compute the explicit 
expressions for the generalized momenta, following from El): 


Pm{ 0 = -Tp {V^G^^dnX^gMN - diX^^ . . . dpX^^bMM,...M,) . 


It can be checked that Pm{0 satisfy the constraints 


Co = Q^^PmPn - 2Tpg^^D mi...pPn + 


GGOO + Dni...p 


= 0 , 


Ci = PMdiX^ = Y (i = l,...,p). 


where we have introduced the notation 

Dmi...p = bMMi...MpdiX^^ ... dpX’^p. 

Let us now find the canonical Hamiltonian for this dynamical system. The result is: 




{PmOoX^ 


-C 


= 0 . 


Therefore, according to Dirac IZH, we have to take as a Hamiltonian the linear combination of 
the first class primary constraints C„: ^ 


H = 


dP^H = I dPi (a°Co + A*Ci). 


The corresponding Hamiltonian equations of motion for X^ are 

(9o - X^ = {Pn - TpDm...p), 

from where one obtains the explicit expressions for Pm 

Pm = [pQ — X^dPj X^ + TpDMi...p- 

With the help of El), one arrives at the following configuration space action 


Sp = 


I dP+^^Cp = I dP+^c {pmOoX^ - n) 

'gMN (X) (So - A'Sil X^ 


(2.4) 

(2.5) 


1 

4A0 L' 


) X^ (So - XWj') X^ - (2A°Tp) 


+ TpbMo...MpX)doX^° ... dpX^^] 

^ \Goo-2XGoj + XXGij- 


(2X%)' 


GG 


00 


-4A0 L 

_ + TpbM,...Mpx)doX^x.. dpX ^^}, 

:^In the case under consideration, secondary constraints do not appear. The first class property of C„ follows 
from their Poisson bracket algebra. 
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which does not contain square root, generates the independent {p + 1) constraints, as we will 
show below, and in which the limit Tp —> 0 may be taken. For other actions, allowing for unified 
description of tensile and tensionless p-branes, see ii2] - mi. 

It can be proven that this action is classically equivalent to the previous two actions. It is 
enough to show that and JSSl) are equivalent, because we already saw that this is true for 
(12.11) and H2.3I) . 

Varying the action Sp with respect to Lagrange multipliers A™ and requiring these variations 
to vanish, one obtains the constraints 

Goo - 2X^Goj + + (2A°rp)^ GG°° = 0, (2.6) 

Go,- - yGij = 0. (2.7) 

By using them, the Lagrangian density Cp from (I2.5jl can be rewritten in the form 


Cp = -TpJ-GG^o 


Goo - Goi {G-^f G,oJ + TpbMo...M,{X)doX ^°... dpX^^. (2.8) 

Now, applying the equalities 


GgOO 


one finds that 


det {Gij) = G, G = 


Goo - Go^ {g-^Y G,o 


G, 


G 


00 


Goo - Goi (g-1)*' G,o 


= 1 . 


(2.9) 


Inserting this in dSHl), one obtains the Nambu-Goto type Lagrangian density from (tO) . 
Thus, the classical equivalence of the actions (ESI and (12.51) is established. 

We will work further in the gauge A™ = constants, in which the equations of motion for 
, following from (ESI, are given by 


9ln 


(ao - X%) (9o - X^dj) X^ - (2X%ydi (GG^^djXY 


+'rL,MN 


(5o - Xdi) x^ (So - x^dj 
doX^° ... dpX^^, 

where G is defined in (EiH), 


- 


(2X^Tpy GG^^diX^dj 


X 


N 


= 2A0rp77b^„,..,,,^c 


( 2 . 10 ) 


^L,MN = QLK^MN = 2 {^MQNL + dNQML “ digMN) 

are the components of the symmetric connection compatible with the metric qmn and Hp _^_2 = 
dftp+i is the held strength of the (p + l)-form gauge potential 6p+i. 


2.2 Dp-brane actions 

The Dirac-Born-Infeld type action for the bosonic part of the super- Dp-brane in a H-dimensional 
space-time with metric tensor gMN{x), interacting with a background (p-l-l)-form Ramond- 
Ramond gauge held Cp+i via Wess-Zumino term, can be written as 

= -Tn, I det {G^n + + 27ra'Fmn) (2.11) 

^?T2l.. .TTlp-l-l - 

- (p+ 1). 
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T]:)p={2'k)~^'P~^'>^‘^ g~^Tp is the D-brane tension, Qs = exp(<J>) is the string coupling expressed 
by the dilaton vacuum expectation value {^) and 27ra' is the inverse string tension. Gmn = 
dnX^gMN{X), Bmn = dmX^dnX^bMN(X) and ‘h(X) are the pullbacks of the back¬ 
ground metric, antisymmetric tensor and dilaton to the Dp-brane worldvolume, while i^mn(0 is 
the field strength of the worldvolume 17(1) gauge field Am{0- Fmn = 25[m^n]- The parameter 
a{p, D) depends on the brane and space-time dimensions p and D, respectively. 

A Dp-brane action, which generalizes the Polyakov type p-brane action, has been introduced 
in m- Namely, the action, classically equivalent to Trm . is given by 

J {Gmn + Bmn + 2na'Fmn) -{p- 1 )] 

- ^ (p+i). 

where /C is the determinant of the matrix Xmm /C”*” is its inverse, and these matrices have 
symmetric as well as antisymmetric part 

IQmn _ ■jQ{mn) _|_ ^[mn] 


where the symmetric part is the analogue of the auxiliary metric 7 ™" in the p-brane 

action (HU). 

Again, none of these actions satisfy all our requirements. In the same way as in the p-brane 
case, just considered, one can prove that the action 


J dP+^^Cop = J [G'oo - 2XGoi + - k^k^) G^, 

(2\^Td,Y G + 2X (Foi - + 4AOTi,^e“'^CMo...M,9oA^°... dpX^^ 

^mn — Bfiiji ^TTCX Fruni 


Sop — 


( 2 . 12 ) 


which possesses the necessary properties, is classically equivalent to the action (HIU- Here 
additional Lagrange multipliers td are introduced, in order to linearize the quadratic term 

(Fo^ - X'^Fkr) [G-^y {Foj - X^Fij) 

arising in the action. For other actions of this type, see EZSI - HU 

Varying the action Sop with respect to Lagrange multipliers A”*, k*, and requiring these 
variations to vanish, one obtains the constraints 

Goo - 2X>Goj + - iFk^) Gij + {2 \^Tdp)^ G + 2X (Foi - XFp) = 0, (2.13) 

Go,- - VG,,- = tdFij (2.14) 

Foj-XFij = K^Gij. (2.15) 

Instead with the constraint srm . we will work with the simpler one 

Goo - 2A^Go,- + (a*A^' + Gij + (2 X^Tdp) ^ G = 0, (2.16) 

which is obtained by inserting (ITT 5 ]) into (HU. 
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We will use the gauge (A™,k*) = constants and for simplicity, we will restrict our consid¬ 
erations to constant dilaton <1> = <ho and constant electro-magnetic field F^n = F^^ on the 
Dp-brane worldvolume. In this case, the equations of motion for , following from , are 


giN 


(5o - (5o - - (2A°rzjp)^ (GG^^djX^^ - K^n^did^ 


X 


N 


+rL,MAf 
- {2X^Td 


(do - X^di ) X 
2 


M 


(do - X^dj 


X 


N 


- K^K^diX‘^^djX 


N 


(2.17) 


= 2A' 


• • • dpX^^ + Rlmn^^ (^o - X^d, 


X 


N 


where 77p_,_2 = dcp+i and = db 2 are the corresponding field strengths. 


3 Exact solutions in general backgrounds 

The main idea in the mostly used approach for obtaining exact solutions of the probe branes 
equations of motion in variable external fields is to reduce the problem to a particle-like one, 
and even more - to solving one dimensional dynamical problem, if possible. To achieve this, one 
must get rid of the dependence on the spatial worldvolume coordinates To this end, since 
the brane actions contain the first derivatives diX^, the brane coordinates have to 

depend on at most linearly: 

X^ if, C) = Af f Af are arbitrary constants. (3.1) 

Besides, the background fields entering the action depend implicitly on through their depen¬ 
dence on X^. If we choose AY = 0 in (ED), the connection with the p-brane setting will be 
lost. If we suppose that the background fields do not depend on X^^, the result will be constant 
background, which is not interesting in the case under consideration. The compromise is to ac¬ 
cept that the external fields depend only on part of the coordinates, say and to set namely 
for this coordinates Af = 0. In other words, we propose the ansatz {X^ = (X^,X“)): 

Xf^if,e) = A>;e+Yf^if), X'^{f,e) = Y‘^if), (3.2) 

d^gMN = 0, dphMN = 0, d^bMo...Mp = 0, d^CMQ...Mp = 0. (3.3) 

The resulting reduced Lagrangian density will depend only on = r if the Lagrange multipliers 
A”*, K* do not depend on Actually, this property follows from their equations of motion, from 
where they can be expressed through quantities depending only on the temporal worldvolume 
parameter r. 

Thus, we have obtained the general conditions, under which the probe branes dynamics 
reduces to the particle-like one. However, we will not start our considerations relaying on the 
generic ansatz (IS2I). Instead, we will begin in the framework of the commonly used in ten space- 
time dimensions static gauge: The latter is a particular case of (13.21) . obtained 

under the following restrictions: 

{l):p. = i = l,...,p- {2):A^ = A^ = 5)- (3.4) 

{3):Y^^{T) = Y\t) = 0; (4):y°(T) = r G {Y^}. 

Therefore, the static gauge is appropriate for backgrounds which may depend on X^ = 
but must be independent on X*, (f = 1,.. .p). Such properties are not satisfactory in the lower 
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dimensions. For instance, in four dimensional black hole backgrounds, the metric depends on 
X^, X'^ and the static gauge ansatz does not work. That is why, our next step is to consider 
the probe branes dynamics in the framework of the ansatz 

X^(r, C) = + KC, ^“(r, C) = (3.5) 

which is obtained from (EH under the restriction Y^{t) = AqT. Here, for the sake of symmetry 
between the world volume coordinates = r and we have included in a term linear in r. 
At any time, one can put Aq = 0 and the corresponding terms in the formulas will disappear. 
Further, we will refer to the ansatz H3.5I) as linear gauges, as far as are linear combinations 
of with arbitrary constant coefficients. 

Finally, we will investigate the classical branes dynamics by using the general ansatz dSH, 
rewritten in the form 

X>^{t, e) = A^t + Afr + V^(r), X“(r, f) = y“(r). (3.6) 

Compared with dSH, here we have separated the linear part of as in the previous ansatz 
(13.51) . This will allow us to compare the role of the term AqT in these two cases. 

3.1 Static gauge dynamics 

Here we begin our analysis of the probe branes dynamics in the framework of the static gauge 
ansatz. In order not to introduce too many type of indices, we will denote with Y°', Y^, etc., 
the coordinates, which are not fixed by the gauge. However, one have not to forget that by 
definition, 1"“ are the coordinates on which the background fields can depend. In static gauge, 
according to JSH, one of this coordinates, the temporal one Y^{t), is fixed to coincide with 
T. Therefore, in this gauge, the remaining coordinates Y°' are spatial ones in space-times with 
signature -)-). 


3.1.1 Probe p-branes 

In static gauge, and under the conditions (EH, the action EH reduces to (the over-dot is used 
for d/dr) 


= J drll^ir), Vp = J dn, (3.7) 

= ^[gab{Y^)Y-Y^ + 2 [goa{Y^) - V<7m(l"“) + 2\^Tpbai...p{Y-)] Y- 
+goo{Y^) - 2Xgoi{Y<^) + XXgij{Y^) - (2A°rp)'det(5ij(X“)) + 4A%6oi...p(l^“)}. 


To have finite action, we require the fraction Vp/\^ to be finite one. For example, in the string 
case (p = 1) and in conformal gauge (A^ = 0, (2A°Ti)^ = 1), this means that the quantity 
Vi/a' = 27rFiri must be finite. 

The constraints derived from the action EH are: 


SabY°'Y^ + 2 (^goa ~ Ygia^ X“ -|- Poo ~ 2A*poi + Y'gij + (^2X^Tp^ det(pjj) — 0, (3.8) 
giaY°' + Pio - 9ijX^ = 0. (3.9) 
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The Lagrangian does not depend on r explicitly, so the energy Ep = — Lp^ is 

conserved: 

gabY'^y^ - 500 + ‘^Ygoi - yy^gij + (2A°rp) det(fi(ij) - 4A°Tp6oi...p = = constant. 

With the help of the constraints, we can replace this equality by the following one 

gooX'^ + 500 ~ A*5io + 2A*^Tp6oi...p =- ^. (3.10) 

Vp 

To clarify the physical meaning of the equalities and (ITTni) . we compute the momenta 
(HH) in static gauge 

2A®P^^ = gMaX^ + 5M0 ~ YgMi + ‘^^TpbMl...p- (3-11) 

The comparison of dimi with (IXTUll and (jS21) shows that = —EpiVp = const and = 
const = 0. Inserting these conserved momenta into inm . we obtain the effective constraint 

gabY^Y^=U^, (3.12) 


where 

= — (^2X^Tp'j det{gij) + <700 ~ 2 A* 5 oi + YXgij + 4A*^ (Tp6oi...p + Ep/Vp). 

In the gauge A™ = constants, the equations of motion following from Sp^ (or from (ItToI) 
after imposing the static gauge) take the form: 

gabY<^ + ra,bcY^Y- = ^daU^ + 2a[„^f (3.13) 

where 

~ 5a0 ~ Ygai + 2A^Tp5ai,,,p. 

Thus, in general, the time evolution of the reduced dynamical system does not correspond to 
a geodesic motion. The deviation from the geodesic trajectory is due to the appearance of the 
effective scalar potential and of the field strength 2cI[aAl^ of the effective U (l)-gauge potential 
.Af. In addition, our dynamical system is subject to the effective constraint 


3.1.2 Probe Dp-branes 

In static gauge, and for background fields independent of the coordinates fconditions (l3.3j) l. 
the reduced Lagrangian, obtained from (EH, is given by 


L 


SG 

Dp 


{-r) 


= [dabY-Y^ + 500 - ^Xgoi + (a'A^' - Xx) gij 

+ 2 [goa - Ygra + 2XTDpe<^^^Cal...p + Y^ 

- (2A°rBp)' det(5ii) + 4A°T^pe“^°coi...p 
+ 2k^ (boi - Xbji) + dTra'K^ (Fo° - A^Fj’) • 
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As we already mentioned at the end of Section 2, we restrict our considerations to the case of 
constant dilaton = $0 and constant electro-magnetic field on the Dp-brane worldvolume. 
Now, the constraints (irra . (mui and (|2.15p take the form 

+ 2 (^goa — Ygia'j Y°- + goQ — 2A*(7oi (3-14) 

-|- -t- lYgij (2X^T£)p^ det{gij) = 0, 

gjoY'^ + goj - Y’gij - lYbij = 2T:a'Y-F°j (3.15) 

bajY- + boj - X%j - Ygij = -27Ta' (Fo° - YF^^ . 

The reduced Lagrangian does not depend on r explicitly. As a consequence, the energy 
Edp is conserved: 

gabY-Y^ - goo + 2X^goi - (VA^' - k^k^) gi, + {2 X^Tdp)^ det{g^,) - AX^TDpe^^°coi...p 

—2k* (^boi — X^bji^ — dvra^K® ^Fgj — X^F°^ = _ constant. 

By using the constraints (imi) and H3.15I) . the above equality can be replaced by the following 
one 

goaY- + <700 - YgiO + 2A°rz,pe“^°coi...p + k' {boi + 27ra'To°) =- (3.16) 

VDp 

Now, we compute the momenta, obtained from the initial action (EH, in static gauge 

2A°e“'*’“P^^ = + gMO - X^gMj + 2X^TDpe^^°CMi...p + n^bMj- (3.17) 

Comparing (TriTl) with (ITTHl) and EH, one finds that 

= constant, 

Pf^ = F°j = constants. 

As in the p-brane case, not only the energy, but also the spatial components of the momenta 
Pf^, along the A* coordinates, are conserved. In the Dp-brane case however, Pf^ are not 
identically zero due the existence of a constant worldvolume magnetic field T)°-. 

Inserting (IXT^ and (IXT^ into EH, one obtains the effective constraint 

gabY-Y^ = U^\ (3.18) 

where 

^ _ (2A°rz,p)" det(5i,) + <700 - 2A<7oi + (a'A^' - bYn?) g^ 

+4A°e“^° |^rz,pCoi,„p + + 2k' (bo^ - A^6,i) + dTra'K' (Fq", - A^Fj®) . 

In the gauge {X^,iY) = constants, the equations of motion following from (or from 
TTrUi after using the static gauge ansatz) take the form; 

gabY’^ + ra,bcYbY- = + 29[„AJ^y^ (3.19) 
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where 


— 9a0 ~ ^dai + 2A'^rc)pe“'^°Cal,,,p + K^'bai- 

It is obvious that the equations of motion (EH, (IXT^ and the effective constraints (TOU) . 
(ICTl) have the same form for p-branes and for Dp-branes. The difference is in the explicit 
expressions for the effective scalar and 1-form gauge potentials. 

3.2 Branes dynamics in linear gauges 

Now we will repeat our analysis of the probe branes dynamics in the framework of the more 
general linear gauges, given by the ansatz (13.51) . The static gauge is a particular case of the 
linear gauges, corresponding to the following restrictions: 

(l):/x = z = l,...,p; (2):A^ = A*=0; 

(3):A^^ = a;. = 6); (4):y0(r) = r e {y“}- 


3.2.1 Probe p-branes 

In linear gauges, and under the conditions (lOll . one obtains the following reduced Lagrangian, 
arising from the action (12.5p 


^TpBal...p 


d°(T) = y + 2 [(a 5 - A'A?) 9„a + 2A 

+ (a; - A'A!*) (as - A^AJ) 99. - ( 

-|-4A^TpAQi?^i...p|, Bmi...p = bMiii...pp^i^ ■ ■ ■ 

The constraints derived from the Lagrangian (TOni) 

gabY-yb + 2 (a^ - VAf) gpaY- + (a^ - A^Af) 

X (a^ - A^A,") g^, + (2A°rp)' det(Af = 0, 

Af [gpaY^^ + (a^ - A^Aj) gp ^ 


yo 


(3.20) 


2X%) det(AfA^"p^,, 

are: 


(3.21) 


(3.22) 


The Lagrangian Lp^ does not depend on r explicitly, so the energy Ep = — Lp^ 

cdrTrcarl • 


IS 


conserved 


gabY-Y^ - (a^ - VAf) (a^ - A^ Aj) gp, + (2X%y det{A>lA’^gp,) 
4aol;„ , , 


-4X^TpA^B_ 






= constant. 


one 


With the help of the constraints (lOTll and (IT^ . one can replace this equality by the following 

A^ gpaY- + (A^ - A^Aj) gp, + 2X%Bpi,„p = -(3.23) 

In linear gauges, the momenta (1131) take the form 

2X^Pjf = gMaY^ + (A^ - A^A-) gj^, + 2X%BMi...p. (3.24) 
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The comparison of with and gives 

E 

= constant, = constants = 0. 

Vp 

Therefore, in the linear gauges, the projections of the momenta onto are conserved. 

Moreover, as far as the Lagrangian does not depend on the coordinates X^, the corre¬ 

sponding conjugated momenta are also conserved. 

Inserting and into we obtain the effective constraint 

gabY-Y^=U\ 

where the effective scalar potential is given by 

U^ = - (2X%y deffA^A'^^gp,) + (a^ - MAf) (a^ - A^Aj) g^, 

+4A° ^rpA(^P^i...p -h . 

In the gauge A™ = constants, the equations of motion following from take the form; 
QabY’^ + ra,bcY’’Yc = ^daU^ + 

where 

= (a^ - A*Af) gap + 2XXBai...p, 

is the effective 1-form gauge potential, generated by the non-diagonal components gap of the 
background metric and by the components bapi...pp of the background {p + l)-form gauge field. 


3.2.2 Probe Dp-branes 

In linear gauges, and for background fields independent of the coordinates fconditions (l3.3jl i. 
the reduced Lagrangian, obtained from (HH, is given by 


^Dp(^) = 


4A0 


{gabY-Yb + [(a^ - MAf) (a^ - XA^ - XXA^A) 


9fiu 


+ 2 [(a^ - XAf) gpa + 2A°rflpe“^°C,i...p + ffAfb, 

- (2X^Tdp) ' det(Af AJffp,) + 4A0TDpe“'*’° A^Cpi...p 

- 2k'A f (a^ - XAfi bp, + 47ra'K' (Po° - A^P° ) }, 
where the following shorthand notation has been introduced 


yo 


Cm1...p = CMpr...ppAff . . . Af^P. 

Now, the constraints (ItTgIi . (ItTHi . and (ItTsI) take the form 

gabY^Yb + 2 (a^ - A'Af) gpaY- + (2A0rDp)' det(Af 
'(a(; - MAf) (a^ - XA^ + XXAfA 


Af 

A'^ 


gpaY- + (a^ - XA^ gp, + XA'^^bp, 


bpaX- + (a^ - XA^ bp, + XX^gp, 


9fj.u — 0, 

= 2TTa'XF°i 

27tX (Po° - XF°^ . 


(3.25) 

(3.26) 


11 
















The reduced Lagrangian does not depend on r explicitly. As a consequence, the energy 
Eop is conserved: 


gabY-Yb 


- A*Af) (ai; - A^AJ) - 

\ A\0rn „( 


:*K^Af Ajj 


(2A0rz5p)' det(Af - AX^TDpe'^'^°A^Cpi...p 

4X E Dp _ QQjigiQpii^ 




By using 
one 


:) V - 4,ra'K‘ (f„“ - \’F‘^ = 
the constraints and (jSl), the above equality can be replaced by the following 


-2«-Ar (. 




gpaY^^ + 


[a- - A^Aj) 


+ 2A°rz,pe“‘^°C^i.„p 


+ Aj hpi, 


(3.27) 


+2W^*Fo° = - ^ 

VDp 

In linear gauges, the momenta obtained from the initial action , are 

A'-'.b Mu- 


V<Xl ^clUgtJb, lliti lliUllltillLcl UUlcllllt^U iiUlli LJ 

2X\^^°P^p = guaY- + (a^ - A^Aj) gMu + 2X^TDpe^'^°CMi...p + 

Comparing with (im and dir^ . one finds that the following equalities hold 


(3.28) 


KPp'^ = - “‘*’Ok^Fo° ^ = constant, 

/^l^-pLG _ _Z^g-a'I>o^i^o _ (-Qpigfdpifg^ 
f' \U 

They may be viewed as restrictions on the number of the arbitrary parameters, presented in the 
theory. 

As in the p-brane case, the momenta are conserved quantities, due to the independence 
of the Lagrangian on the coordinates X^. 

Inserting (Toni and into one obtains the effective constraint 

gabY-Yb = U^^, 


where 




(Ag - A-A!-) (as - A^ AJ) - KV'Af A* 


gpu 


Eop 

V^p 


In the gauge (A”^,k:*) = constants, the equations of motion following from Lj^ take the 


- (2A0TDp)'det(AfAj5^,) + 4A0e“'*’° \TDpA'^Cpi...p + 
+2K*Af (ad - A^Aj) 6^^ + Atto'k^ (f", - A^Fj) 


form: 


where 


gabY^ + Ta,bcY’^Y- = -daU^^ + 


Alf^ = (ad - A*Af) gap + 2A°TDpe“^°Cai...p + A^^hap- 

It is clear that the equations of motion and the effective constraints have the same form for 
p-branes and for Dp-branes in linear gauges, as well as in static gauge. The only difference is in 
the explicit expressions for the effective scalar and 1-form gauge potentials. 
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3.3 Branes dynamics in the whole space-time 

Working in static gauge we actually imply that the probe branes have no dynamics 

along the background coordinates x™. The (proper) time evolution is possible only in the 
transverse directions, described by the coordinates 

Using the linear gauges, we have the possibility to place the probe branes in general position 
with respect to the coordinates x^, on which the background fields do not depend. However, 
the real dynamics is again in the transverse directions only. 

Actually, in the framework of our approach, the probe branes can have ’full’ dynamical 
freedom only when the ansatz dSIEI) is used, because only then all of the brane coordinates 
are allowed to vary nonlinearly with the proper time r. Therefore, with the help of (ESI) , we 
can probe the whole space-time. 

We will use the superscript A to denote that the corresponding quantity is taken on the 
ansatz EH). It is understood that the conditions ESI) are also fulfilled. 


3.3.1 Probe p-branes 

Now, the reduced Lagrangian obtained from the action ESI is given by 

Tp (r) = ^[guNY^Y^ + 2[(a^ - AWf) g^N + 2X^TpBNi..., 

+ (a^ - AWf) (a^ - A^A^") g,, - 

+4A0tXH^i...p}. 

The constraints, derived from the above Lagrangian, are: 

gMNY^Y^ + 2 (a^ - A'Af) g^^^Y^ + (a^ - AWf) 

X (a^ - A^A,") g^, + (2A°Tp)' det(Af = 0, 


yN 


Af 


g^NY^ + (a^ - A^Aj) g^. 


= 0 . 


The corresponding momenta are {Pm = Pm/Y p) 

2A°Pm = gMNY^ + (a^ - A^A-) + 2X%Bmi...p, 

and part of them, P^, are conserved 

gpNY^ + (Aq - A-^A^) g^y + 2X^TpBfj_i,„p = 2A°P^ = constants, 


(3.29) 

(3.30) 


(3.31) 


because Lp does not depend on A^. Prom (HOnil and ESH), the compatibility conditions follow 


KPu = 0- 


(3.32) 


We will regard on as a solution of the constraints Esni, which restricts the number of 

the arbitrary parameters and Pp. That is why from now on, we will deal only with the 
constraint EI^- 


form 


In the gauge A"* = constants, the equations of motion for Y^, following from Lp, have the 


gLNY^ + Tl,mnY^Y^ = 


(3.33) 
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where 


^^n ^ _ (2A°rp)' det(Af + (a^ - A*Af) - A^ Aj) 

+4A°TpA{;B^i,„p, 

= (a^ - A'Af) 5^^ + 2\^TpBm...p. 

Let us first consider this part of the equations of motion (jSSSl), which corresponds to L = A. It 
follows from (Ih.hj) that the connection coefficients Tx^mn^ involved in these equations, are 


rA,afe 2 iPciQbX A dfjgax) , ^X,iii/ 0. 

Inserting these expressions in the part of the differential equations corresponding to L = A 

and using that ffjuTV = Y'^daQMN^ = Y°‘daBMi...p, one receives 


A 

dr - 


9pnY^ + 


(a; 


S - AJ 


9p,u + 2A TpBfj^i^^^p 


= 0 . 


These equalities express the fact that the momenta Pp_ are conserved (compare with (jh.hlj) '). 
Therefore, we have to deal only with the other part of the equations of motion, corresponding 
to L = a 


gaNY^ + TaMNY^YN = + 2d^aA%Y^. 


(3.34) 


Our next task is to separate the variables and in these equations and in the constraint 
(IT^ . To this end, we will use the conservation laws (lOTl) to express through y“. The 
result is 


= 


h-‘) 


fll/ 


2A0(P, - TpB,i,„p) - g,aY- - (A^ - A^Af) 


(3.35) 


We will need also the explicit expressions for the connection coefficients Ta^pb and Ta,pu, which 
under the conditions reduce to 


^a,iMb — 2 i^o,9bii dbgap) — d[a9b]pi ^a,pu — ^dagpu- (3.36) 

By using and (E3SI), after some calculations, one rewrites the equations of motion (Toil) 

and the constraint in the form 


habY'^ + = ]^daU^ + (3.37) 

habY^^Y^ = (3.38) 


where a new, effective metric appeared 

^ab — 9ab 9ap{,9 dvb- 
^afec connection compatible with this metric 

^a,bc = 1 {dbhca + dcha “ dahc) ■ 
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The new, effective scalar and gauge potentials are given by 


U^ = - 


= 2A 


(2A°rp)" det(Af - (2A°)2 {P^ - TpB^i...p) (P, - rpP,i...p), 

gaiJ. {9~^Y - TpB,yi,„p) + TpBal...p . 


We note that Eqs. (TOTl) . (jSSSl), and therefore their solutions, do not depend on the parameters 
Aq and A* in contrast to the previously considered cases. However, they have the same form as 
before. 

3.3.2 Probe Dp-branes 

The reduced Lagrangian, obtained from (EHI), is given by 


^Dp{'^) — 


VDpe-^^° 


4A0 


{gMNY^Y^ + [(a^ - A*Af) (a^ - A^A,") - AJ 


diiu 


+ 2 


■(a^ - A'Af) gpN + 2\^TDpe'^^oCm...p + K^KbNp 

- (2\^Tdp) " det(Af Aj 5 ^,) + ^X^TopC^^^^ K^^Cpi...p 

- 2k*A f (A[; - A^ Aj) bp, + dvra'K* (Fo° - ) }, 

The constraints (ITTHll . (imii . and take the form 


yN 


gMNY^Y^ + 2 (aO - A*Af) g^^Y^ + Yx^Topf det{A^A’^gp,) 

(3.39) 

+ 

(a(; - A*Af) (aj; - A^AJ) + K*K^Af A,^; 

gpv — 0, 


K 

'gpNY^ + (a^ - A^A,") gp, + k^AJ5^, 

= 2TTaK^F°i 

(3.40) 

Af 

'bpNY^ + (a^ - A^Aj) bp, + K^A-igp, 

= 2W (Po« -A^Pj’). 

(3.41) 


Because of the independence of on the momenta = Pp^/Vop are conserved 
2A°e“^°P^^ = gpNY^ + (a^ - A^Aj) g^, + 2A>Tnpe^'^°Cpi...p + k^AJ6^, = constants. (3.42) 
From (iTinll and (lO^ . one obtains the following compatibility conditions 

\V-pD _ fff_p-a^o A 

which we interpret as a solution of the constraints (inni) . 

In the gauge (A™, k*) = constants, the equations of motion for , following from L^p, take 
the form 


1 


where 


gLNY^ + rL,MNY^Y^ = -dLU^^^ + 2d[LA%]^Y^, 

= - (2X%Y det{AfA’^gp,) + [(a^ - A'Af) (a^ - A^ Aj) - K^^ Af AJ 
+4X^TDpe^‘^°Ai^Cp,...p - 2k'A f (a^ - A^Aj) bp„ 

')p^ 


(3.43) 


9pv 


A Din _ 

— 




(as - A^ A‘ 


mu + 2A“TD,e“*"CA.,. , + 
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As in the p-brane case, this part of the equations of motion (IS3SI), which corresponds to L = A, 
expresses the conservation of the momenta Pj^, in accordance with The remaining 

equations of motion, which we have to deal with, are 

QaNY^ + Ta,MNY^YN = (3.44) 


To exclude the dependence on in the Eqs. (101) and in the constraints (lOl . (lOTl) . 
we use the conservation laws (lOl to express Y through T": 

Y^^ = [2A0e“'^°- TDpC,i...p) - g^aX- - - (A(; - A'Af). (3.45) 

By using (lOl and (lOl . one can rewrite the equations of motion (|OI|l and the constraint 
(I3.39|) as 

habY^ + (3.46) 

habY^Y’’ = (3.47) 

Now, the effective scalar and 1-form gauge potentials are given by 

= -(2X%ydet{AfA'tgp,)-KX^AfA’^gp, 


= 


2A°e“'^°(P/' - TnpCp,...p) - n^A^bpx] ( 5 “') 
2A0e“‘^°(Pi' - TDpC,i...p) - XA^by , 
gap {g-^y‘' [2A°e“'^°(Pi^ - TDpC,i...p) - XAP.b.p 


+ 2A°rD„e“'*’°Cai...„ + /^*Ar6„ 


Eqs. (lOl . (1071) . have the same form as in static and linear gauges, but now they do not 
depend on the parameters Ag and A*. Another difference is the appearance of a new, effective 
background metric hab and the corresponding connection T^^^. 

In the D-brane case, we have another set of constraints (lOTl) . generated by the Lagrange 
multipliers k*. With the help of (lOl . they acquire the form 



r“ + V(9"') 
fSi - VFg). 


pp 


2A°e“'*’° 



TDpCpi,,,p) — XAjbpx 


3.4 Explicit solutions of the equations of motion 

All cases considered so far, have one common feature. The dynamics of the corresponding 
reduced particle-like system is described by effective equations of motion and one effective con¬ 
straint, which have the same form, independently of the ansatz used to reduce the p-branes or 
Dp-branes dynamics. Our aim here is to find explicit exact solutions to them. ^ To be able to 
describe all cases simultaneously, let us first introduce some general notations. 

®The additional restrictions on the solutions, depending on the ansatz and on the type of the branes, will be 
discnssed in the next section. 
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We will search for solutions of the following system of nonlinear differential equations 


(3.48) 

(3.49) 


GabY'’ + ^ibcY'Y" = lidaU + 2d[aAk]Y\ 


QabY^Y^=U, 


where Qah^ follows 

Gab = {dabi^ab) i ^a,bc ~ , 

u = {u^ , 

A = (a^ A^^ A^ A^^ A^ A^Y\ 

'AAa I *^a ’ *^a ’ *^a ’ *^a ’ ‘^a ’ *^a j i 


depending on the ansatz and on the type of the brane (p-brane or Dp-brane). 

Let us start with the simplest case, when the background fields depend on only one coordinate 
= Y°‘{t). In this case the Eqs. (I3.48jl . (j3.49|l simplify to {da = d/dY°') 


^ (GaaY^^) - \daGaa (E“)' = ^daU, 
Gaa {Y^^Y =U, 

where we have used that 


GabY^ + ^IbcY^’Y" = ^ {GabY’^) - ^daGbcY^Y^- 


(3.50) 

(3.51) 


After multiplying with 2QaaY°' and after using the constraint (|3.51j) . the Eq. (IH3nil reduces to 


A 

dr 




(3.52) 


The solution of (Emi), compatible with (TTKll . is just the constraint (13.511) . In other words, 
(13.511) is first integral of the equation of motion for the coordinate E“. By integrating (TTKIl) . 
one obtains the following exact probe branes solution 


/•X“ / 7/ \ -1/2 

r(A“) = ro±/ ^ dx, (3.53) 

Jxg \yaa/ 

where tq and Xq are arbitrary constants. 

When one works in the framework of the general ansatz dSH), one has to also write down 
the solution for the remaining coordinates X^. It can be obtained as follows. One represents 
as 


yn 


^ya 

dY^ ’ 


and use this and (IS3T]) in for the p-brane, and in for the Dp-brane. The resnlt is a 

system of ordinary differential equations of first order with separated variables, which integration 

example of such background is the generalized Kasner type metric, arising in the superstring cosmology 
I7ni (see also EHI, ED¬ 


IT 





is straightforward. Replacing the obtained solution for Y^[X°‘) in the ansatz (jSSJ, one finally 
arrives at 


=^o AV(X“) + f 


(3.54) 






b-‘) 




A 


Qua =F 2A°(P^ - TpB^i,„p) ( ^ 

V ^aa 


- 1 / 2 - 


dx 


for the p-brane case, and at 

+ Af [av(a:“) + e 


(3.55) 


Ixg 


b-) 


flU 


Qua R 


2A0e“'^°(^r - TDpC,i...p) - 


j^up 


U 


DA' 


- 1 / 2 - 


dx 


for the Dp-brane case correspondingly. In the above two exact branes solutions, Xq are arbitrary 
constants, and t(X^) is given in (13.531) . We note that the comparison of the solutions X^{X°',^^) 
with the initial ansatz (Tm for X^ shows, that the dependence on Aq has disappeared. We will 
comment on this later on. 

Let us turn to the more complicated case, when the background fields depend on more than 
one coordinate Ai“ = Y^{t). We would like to apply the same procedure for solving the system 
of differential equations as in the simplest case just considered. To be able to 

do this, we need to suppose that the metric Gab is a diagonal one. Then one can rewrite the 
effective equations of motion (rT:i?n) and the effective constraint (ICTll in the form 


^{GaaY^y -Y^daiGaaU) 

+^“E k ( 1 ^) {SbbY'^y - ^dlaA^GaaY’^ 


b^a ^ 


= 0 , 


Saa {Yy\Y.^bb {Y’^y=l(. 
b^a 


(3.56) 

(3.57) 


To find solutions of the above equations without choosing particular background, we fix all 
coordinates except one. Then the exact probe brane solution of the equations of motion is 
given again by the same expression for r (Ar“). In the case when one is using the general 

ansatz ()3.6fl . the solutions (IT311) and (13.551) still also hold. 

To find solutions depending on more than one coordinate, we have to impose further condi¬ 
tions on the background fields. Let us show, how a number of sufficient conditions, which allow 
us to reduce the order of the equations of motion by one, can be obtained. 

First of all, we split the index a in such a way that Y'" is one of the coordinates T®, and T" 
are the others. Then we assume that the effective 1-form gauge field Aa can be represented in 
the form 


Aa — ^Ar , Aa ) — i^Ar , f ), 


(3.58) 


i.e., it is oriented along the coordinate Y^, and the remaining components Aa are pure gauges. 
Now, the Eq. (13.561) read 


A. 

dr 



Y^da {GaM) 


(3.59) 


18 













+Y° 


dai^j (GrrY^) " (A " 5,/) 


+i^“ E 

I3^a 

5? 

+y’-j2 


.Gp0 


{e^Y”)'' 


= 0 , 


- Y^dr {GrrU) 

Qr^ \ / _ ■ _ N 2 


dri^] (GaaY^) + 2^..A (A " 5,/) 


A 


= 0 . 


After imposing the conditions 


dn 


= 0 , 


da{GrrY^y 


= 0 , 


the Eq. (i;-i.59l) reduce to 


^ {GaaY'^y - {Gaa [U + 2 (A. - Orf) A] } = 0, 


which are solved by 


{GaaYy^ = A [U + 2{Ar- Orf) A] = (y^^) > 0 


where are arbitrary functions of their arguments. ® 

To integrate the Eq. (EEDl), we impose the condition 


dr{GaaYy'‘ 


= 0 . 


(3.60) 


(3.61) 


(3.62) 


(3.63) 


After using the second of the conditions (ESU), the condition dm, and the already obtained 
solution (jMU), the Eq. (Tmi can be recast in the form 


^ [(aA) ' + 2A (A - drf) A 


= Y^dr { Gr 


[l-n^){u + 2{Ar-drf)Yy-Y, 




where Ua is the number of the coordinates y“. The solution of this equation, compatible with 
(|3.62|) and with the effective constraint d3.57|) . is 



(1 — na)U — 2na (A 


9A)a-E 

OL 



Er (y^ > 0, (3.64) 


where E^ is again an arbitrary function. 

Thus, we succeeded to separate the variables y“ and to obtain the first integrals dMU), 
for the equations of motion (ESEl), when the conditions dSSHl), (ItHTTI . (IT6^ on the back¬ 
ground are fulfilled. ® Further progress is possible, when working with particular background 
configurations, having additional symmetries (see, for instance, ioi). 

^Ea = Ea (T^) follows froHi 18.6311 . 

®An example, when the obtained sufficient conditions are satisfied, is given by the evolution of a tensionless 
brane in Kerr space-time. Moreover, in this case, one is able to find the orbit r = r{9) m 


19 






























4 Summary and discussion 


In this paper we addressed the problem of obtaining explicit exact solutions for probe branes 
moving in general string theory backgrounds. We concentrated our attention to the common 
properties of the p-branes and Dp-branes dynamics and tried to formulate an approach, which 
is effective for different embeddings, for arbitrary world volume and space-time dimensions, for 
different variable background fields, for tensile and tensionless branes. To achieve this, we 
first performed an analysis in Section 2, with the aim to choose brane actions, which are most 
appropriate for our purposes. 

In Section 3, we formulated the frameworks in which to search for exact probe branes solu¬ 
tions. The guiding idea is the reduction of the brane dynamics to a particle-like one. In view of 
the existing practice, we first consider the case of static gauge embedding, which is the mostly 
used one in higher dimensions. Then we turn to the more general case of linear embeddings, 
which are appropriate for lower dimensions too. After that, we consider the branes dynamics 
by using the most general ansatz, allowing for its reduction to particle-like one. The obtained 
results reveal one common property in all the cases considered. The effective equations of motion 
and one of the constraints, the effective constraint, have the same form independently of the 
ansatz used to reduce the p-branes or Dp-branes dynamics. In general, the effective equations 
of motion do not coincide with the geodesic ones. The deviation from the geodesic motion is 
due to the appearance of effective scalar and 1-form gauge potentials. The same scalar potential 
arises in the effective constraint. 

In the last part of Section 3, we considered the problem of obtaining explicit exact solutions of 
the effective equations of motion and the effective constraint, without using the explicit structure 
of the effective potentials. 

In the case when the background fields depend on only one coordinate = A“(r), we show 
that these equations can always be integrated and give the probe brane solution in the form 
r = t(A“), where r is the worldvolume temporal parameter. We also give the explicit solutions 
for the brane coordinates in the form = A^(A“,^*). They are nontrivial when one uses 
the most general ansatz (ESI). ^ 

In the case when the background fields depend on more than one coordinate, and we fix all 
brane coordinates A“ except one, the exact solutions are given by the same expressions as in 
the case just considered, if the metric Qab is a diagonal one. In this way, we have realized the 
possibility to obtain probe brane solutions as functions of every single one coordinate, on which 
the background depends. In the case when none of the brane coordinates is kept fixed, we were 
able to find suffieient conditions, which ensure the separation of the variables A“ = y“(r). As 
a result, we have found the manifest expressions for Uq hrst integrals of the equations of motion, 
where Ua is the number of the brane coordinates 1"“. 

In obtaining the solutions described above, it was not taken into account that some restric¬ 
tions on them can arise, depending on the ansatz used and on the type of the branes considered. 
As far as we are interested here in the common properties of the probe branes dynamics, we 
will not make an exhaustive investigation of all possible peculiarities, which can arise in differ¬ 
ent particular cases. Nevertheless, we will consider some specific properties, characterizing the 
dynamics of the different type of branes for different embeddings. 

We note that in static gauge, the brane coordinates A“ figuring in our solutions, are spatial 
ones. This is so, because in this gauge the background temporal coordinate, on which the 
background fields can depend, is identified with the worldvolume time r. 

^Let us remind that are the coordinates, on which the background helds do not depend. 
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The solutions given by (IT54|) for the p-brane and by (IT55I1 for the Dp-brane, 

depend on the worldvolnme parameters (r, .^®) through the specific combination (AV + ^®). 
It is interesting to understand if its origin has some physical meaning. To this end, let ns 
consider the p-branes equations of motion (tmH) and constraints (HH), ((13) in the tensionless 
limit Tp —> 0, when they take the form 

9LN {do - (do - A^dj) + Tl,mn (Sq - (do - Xd,) X^ = 0, 

9MN (do - yd,) X^ (do - ydj) X^ = 0, 

9MN (do - yd,) X^djX^ = 0. 

It is easy to check that in H-dimensional space-time, any D arbitrary fnnctions of the type 
pM _ pM solve this system of partial differential eqnations. Hence, the linear part 

of the tensile p-brane and Dp-brane solntions (l3Aill and dSHSI), is a backgronnd independent 
solution of the tensionless p-brane equations of motion and constraints. 

Let us point out here that by construction, the actions nsed in our considerations allow for 
taking the tensionless limit Tp —> 0 [T^p —> 0). Moreover, from the explicit form of the obtained 
exact probe branes solutions it is clear that the opposite limit Tp —> oo {T^p oo) can be also 
taken. 

We have obtained solutions of the probe branes equations of motion and one of the con¬ 
strains, which have the same form for all of the considered cases. Now, let us see how we can 
satisfy the other constraints present in the theory. These are p constraints, obtained by varying 
the corresponding actions with respect to the Lagrange multipliers A*. For the Dp-brane, we 
have p additional constraints, obtained by varying the action with respect to the Lagrange mul¬ 
tipliers y. Actually, the constraints generated by the A*-multipliers are satisfied. Dne to the 
conservation of the corresponding momenta, they jnst restrict the nnmber of the independent 
parameters present in the solutions. The only exception is the p-brane in static gauge case, 
where the momenta must be zero. Let us give an example how the problem can be resolved 
in a particular situation, which is nevertheless general enough. Let the background metric along 
the probe p-brane be a diagonal one. Then from (jSSI) and (nnri) it follows that the momenta 
will be identically zero, if we work in the gange A® = 0. In the general case, and this 
is also valid for the k®- generated constraints, we have to insert the obtained solntion of the 
equations of motion into the unresolved constraints. The result will be a number of algebraic 
relations between the background fields. If they are not satisfied (on the solution) at least for 
some particular values of the free parameters in the solution, it wonld be fair to say that onr 
approach does not work properly in this case, and some modification is needed. 

Finally, let us say a few words about some possible generalizations of the obtained resnlts. 

As is known, the branes charges are restricted up to a sign to be equal to the branes tensions 
from the condition for space-time supersymmetry of the corresponding actions. In our compu¬ 
tations, however, the coefficients in front of the background antisymmetric fields do not play 
any special role. That is why, to account for nonsupersymmetric probe branes, it is enough to 
make the replacements 

Tpbp+i ^ Qpbp-\-i, TopCp-i-i ^ QDpCp-\-i- 

In onr Dp-brane action (ItTI) . we have included only the leading Wess-Zumino term of the 
possible Dp-brane couplings. It is easy to see that our results can be generalized to include other 
interaction terms jnst by the replacement 

Cp+i ^ ('p+i T Cp_i A ^2 -|- .... 
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This is a consequence of the fact that we do not used the explicit form of the background field 
CMo...Mp- We have used only its antisymmetry and its independence on part of the background 
coordinates. 
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